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I. INTRODUCTION 

Preliminary studies of the dynamics of a hydrofoil boat are 

usually carried out using linear equations such as those described 

in Reference l, i n which the coefficients are based on existing 

experimental data and estimates. Such equations are usually suf

ficiently accurate for the initial studies but general ly prove 

to be inadequate when more detailed information becomes available 

and when more accurate simulation is required. Important non

linearities must be included such as the effect of large depth 

changes on the wetted area of surface piercing hydrofoils and 

struts as well as on the hydrodynamic coefficients, of all sub

merged surfaces, ventilation effects, stall effects, interference 

effects at foil to foil and foil to strut junctures, and irregular 

effects at the point where the foils pierce the free water sur

face. Ex cep t for relatively simple configurations for which there 

already is a fair amount of data and theory, it is only feasible 

to use data obtained from a model of the complete foil - strut 

configuration to achieve a realistic simulation. 

As a hydrofoil craft moves through the water i n the foil

borne mode, the foils and struts experience changes in submergence, 

speed and angle of atta ck because of the boat motions and the 

variations in height and orbital motions of the waves. Because 

of the different location on the boat of the various foils and 

struts these changes will be different, in genera l, at each of 

these locations. It therefore becomes necessary to obtain the 

submergence, wetted area, speed and angl e of atta ck at each foil 
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and strut separately before determining the hydrodynamic force 

acting on it. For very large foils the foil is considered to be 

made up of two or three segments or panels of convenient size in 

order to account for the differences in flow conditions) sub

mergence and moment arm that may occur at different parts of the 

same foil. 

II . EQUATIONS OF MOTION 

The equations for the dynamics of the craft are written in 

terms of the conventional xJyJz right handed system of axes fixed 

in the bodyJ with origin at the center of gravity (See Figure 1). 

The xz plane is taken in the vertical plane of symmetry with the 

z axis positive downward. These axes are convenient because the 

moments and products of inertia defined relative to them remain 

constant provided the mass of the boat does not change signifi

cantly. Furthermore velocities and accelerations determined with 

respect to these axes are the same as those measured by i nstru

ments mounted in the craft. 

The equations for the three force and three moment components 

are (1): 

m(u + qw - rv) X - mg sin e [la] 

m(v + ru - pw) = Y + mg cos e sin ¢ [lb] 

m(w + pv - qu) z + mg cos e cos ¢ [ l c J 
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I xxp + (I - I )qr I (r + pq) K [ 2a] 
zz yy zx 

I yyq + (I - I )rp + I (p2 - r2 ) M [ 2b] 
XX zz zx 

I r + (I - I )pq + I ( qr - p ) = N [ 2c] 
zz yy XX ZX 

where the standard SNAME nomenclature is used ( 2) and the usual 

relationships between fixed and body axes apply. These are de 

fined below for conveni ence. 

We descr i be a right handed set of coord i nates fixed in space 

by x ,y ·,z where z is pos i tive downward and paral l e l t o the 
0 0 0 0 

gravity axis. We also define a set of Euler angles ~,e and ¢ 

which describe the anguiar orientation of the x,y,z axes with 

respect to the x
0
,y

0
,z

0 
axes (see Figure 1 ) . If x and x are 

0 

about the z 
0 

initially parallel then~ is the angular rotation 

axis ( the angle between the Yl andy axes ) , e is 
0 

the angular ro-· 

tation about the Yl -axis ( the angle be t ween the Z2 and z axes ) 
0 

and ¢ is the angular rotation about the x axis, where the rota -

tions are performed in the order stated. Thus, given a vector 

in earth axes, we can determine the components of this vector in 

body axes by means of these rotations carried out in the order 

given. The product of these three rotations result in a rotation 

matr ix. The product of this matrix with a vector whose components 

are given in fixed axes yields the body axes components. Hence 
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cos e cos ?jJ cos e sin ?jJ - sin e v v 
xo X 

cos ?jJ sin e sin ¢ cos ?jJ cos ¢ e sin ¢ v v cos - sin ?jJ cos ¢ + sin ?jJ sin e sin ¢ yo y 

cos </J sin e cos ¢ sin e cos ¢ sin ?jJ e ¢ v v cos cos 
+ sin ?jJ sin ¢ - s i n ¢ cos ?jJ z o z 

[ 3 J 

wh ere (V , V , V ) are the components o f a vector V in f ixed xo yo zo 
axes and (V , V , V ) are its components in body axes. Thus the 

X y Z 
three components of the gra vity ve ctor in body axes shown on the 

right hand side of Equa tion [l] is obtained fr om Equation [3] by 

r epl a cing (Vxo' Vyo' V
20

) by (0, 0, mg). 

Since the rotational matrix i s an orthogonal one the matrix 

givin g the vector components in fixed axes of any vector expressed 

in b ody axes is simply the transpose of the square matrix given 

in Equation [3]. This is obtained by interchanging r ows and 

columns. Thus, 

cos e cos ?jJ co s ?jJ sin e sin ¢ cos ?jJ sin e cos ¢ v - sin ?jJ cos ¢ + s i n ?jJ s i n ¢ . X 

co s e sin 1/1 cos ?jJ cos ¢ sin e cos ¢ sin ?jJ v + sin ?jJ sin e sin ¢ - sin ¢ co s ?jJ y 

- sin e cos e s i n ¢ cos e co s ¢ v z 

v 
xo 

v 
yo 

v 
zo 

[ 4 J 
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The equations giving the velocity of the e.g. of the boat in 

fixed coord i nates is obtained by replacing (V J V J V ) in the 
X y Z 

above equation by (uJ vJ w) giving (l) 

x u cos e cos </! + v (sin e sin ¢ cos </! - cos ¢ sin </!) 
0 

+ w (sin ¢ sin 1/J + sin e cos ¢ cos </!) 

yo u cos e s i n </! + v (sin e sin ¢ sin </! + cos ¢ cos </!) 

+ w (- sin ¢ cos 1/J + sin e cos ¢ s i n 1/!) 

z = - u sin e + v cos e sin ¢ + w cos ¢ cos e 
0 

The position of the craft e.g. is obtained from 

X 
0 

J x dt 
0 

z 
0 

J z dt 
0 

[Sa] 

[Sb] 

[ Sc] 

[ 6] 

It i s also of interest to determine the angular orientation of 

the craft. Since it will be recalled that the Euler angles 1/JJ 

e and ¢ are not measured about orthogonal axes Equation [4] can

not be used . However the relationships between the Euler angle 

rates and the angular rates in body axes are readily derivable 

(l) and are given by the following equations: 
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p <P '1f! sin e [ 7a] 

q e cos <P + '1f! cos e sin <P [ 7b J 

r '1f! cos e cos <P - e sin <P [ 7c] 

e q cos <P - r sin <P [8a] 

<P p + q sin <P tan e + r cos <P tan e [ 8b J 

'1f! (q sin <P + r cos <P ) sec e [ 8c] 

and the Euler angles are 

e f e dt f <P dt f '1f! dt [ 9 J 

Equations [l]J [2] and [S-9] are completely general and suf

ficient to define the motions of the craftJ treated as a rigid 

bodyJ i n response to forces and moments of any magnitude. Hydro

foil motions however are relatively limited. According to Ref 

erence 3 malfunction studies have indicated that ro l l angles of 

15 degrees and larger may occur during abnormal situations on 

some hydrofoil craft. For this reason i t may be desirable to 

retain trigonometric functions of the roll angle. HoweverJ from 
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studies to date craft pitch angles are not exp e cted to reach as 

high as 10 degrees. In normal operation the pitch angle is usually 

less than 3 degrees. Consequently) it is justified to use the 

small angle approximation of 

sin e e cos e l [ 10] 

in the above equations. Although an insufficient number of con

figurations have been studiEd to justify a general statement con-

cerning the importance of the I term in Equation [2] it appears zx 
to be typically less than 10 percent of I and less than 4 perxx 
cent of I and I yy zz 
nitude of (r + pq)J 

Thus) when multiplied by terms of the mag-

(qr - p) the effect of I may be 
zx 

negligible in specific cases . 

term (I - I )qr in Equation zz yy 

The importance of the gyroscopic 

[2a] is best determined from a 

calculations with and without this comparison of dynamic response 

term. If the difference is negligible the term may be deleted 

in subsequent computations. The same tests are also useful when 

applied to the rv) pw and pv terms in Equation [1]. 

III. CALCULATION OF HYDRODYNAMIC FORCES 

A. Resolution of Foil For c es Into Boat Axes 

As mentioned earlier various parts of the strut and foil 

system experience different speeds) submergences and angles of 

attack as it is tossed about in the waves. It is therefore neces-

sary to determine the force and moment contribution from each foil 
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and strut separately. Since there is a large variety of configu

rations it is desirable to adopt a nomenclature for identifying 

the struts and foil s and their lo cations~ whi ch can have general 

appli cability. Subs cripts in the form of letters has been found 

convenient in the past (3 L ( 4 L (5). Table 1~ which gives the 

symbols that define the various for ce components and their loca

tions for the foil system shown in Figure 2~ is an example of this 

technique~ and will be used in the subsequent paragraphs to il

lustrate its appli cati on . The main strut-foil system shown is con

sidered to be made up of two submerged foil segments~ two anhedral 

and two dihedral surface piercing foil segments~ and two struts. 

The symbols for the starboard foil segment is (sf)~ the port foil 

segment (pfL et c. As shown in Table 1 ~ these subscripts are used 

in conjunction with the X~ Y~ . Z for c e component s and x~ Y~ z com-

pon ents of the position v ector at which the for c e a c ts ~ both given 

in the body axes . Although th e us e of numerical subscripts is 

also satisfactory it is not as convenient for identification of 

the struts and foils. In the fol l owing sections the subscript f 

will be used to represent an unspe ci fied foil segment or strut . 

Force data on foils is usually obtained in terms of three 

orthogonal v e c tor components~ viz , drag (Df)~ lift (Lf) and cross 

for c e (Cf). The last of these ( Cf) usually makes a relatively 

small contribution to the overall force components of typical 

hydrofoil boats and is often negle c ted. Since these force com

ponents are fun c tions of angl e o f attack~ angl e o f sideslip, sub

mergence , speed and f l ap ang l e it i s therefore ne cessary to f i r s t 
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determine the values of each of these variab l es in the foil axis 

system. Figure 3 defines the ang l e of attack af, the angle of 

sideslip ~f and the velocity axes for an individual foil (or 

panel ), with respect to the foil axes, represented by the unit - - - -orthogona l vectors if, jf, kf. Vf is the local velocity vector 
of the origin of the foil axes relative to the fluid and is co--incident with t he unit vecto r i . Th e hydrodyna mic f orce on the v 
foil is represented by 

[ ll ] 

- - -where unit vectors i , J. , k v v v 
are parallel to the local veloc i ty -axes referred to the point 0 bn the foil. The force Ff is re -

solved into the X, Y, Z force components in the boat body axes 

- - -k) (See also Figure 4 ) x, y, z (parallel to the unit vectors i, j, - -by a t r ansformati on v i a the intermediate set of foil axes if, jf , - -kf as follows. Any vector v in the velocity axes may be expressed 

in terms of the foil axes by the fo l lowing transformation ( 5 ) 

- - - -v if cos af 0 -sin af cos (3f - sin ~f 0 v i 
v 

- - - ·-+ v jf 0 l 0 sin ~f cos ~f 0 v jv [ 12 J 

- - - -v kf sin af 0 cos af 0 0 l v k 
v 
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In Figure 4 the foi l axes are shown relative to the boat body 

axes, x, y, z. The dihedral angle r is defi ned as fo llows. The 

foil axes are imagi ned to be initia l ly pa r allel to the body axes 

(i, j, k ). Then rotate the foil axes about the i axis an ang l e r - - -so that th e foil axes have the directions i f , jf, k f. Th e usua l 

sign convention of a right handed system holds. Thus as shown in 

the figure the starboard foil dihedral angle has a negative sign 

and the por t foil dihedral angle a positive sign when the dihedra l 

is posit i ve in the conventional sense. A strut may be cons i dered 

to be a foil of symmetrical section with a dihedr a l ang l e of 

e i ther p lus or minus 90° p r ovided the axes conventions defin ed by 

Figures 3 and 4 are adhered to . With the dihedral defined in this -manner, a vector v in the foil axes may be written in terms of the 

body axes as follows 

- - - -v i l 0 0 v if 

- - - - [ 13 ] v j = 0 cos r f sin r f v jf 

- - - -v k 0 sin rf cos rf v kf 

By combin i ng Equati ons [12 ] and [13] we obta i n the matrix whi ch 

transforms a vector in the velocity axes into one in the body -axes. Thus the X, Y, Z components of Ff o f Equat i on [ll ] ar e 

obtained by means of the following transformation. 
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- sin (3f cos af 

y 
f = sin(3fcosr f cos(3 fcosr f 

-cos(3fsinafsinff +sin(3fsinafsinff 

z 
f sin (3f sin rf cos (3f sin rf 

+cos(3fsinafcosrf - sin(3fsinafcosrf 

- cosafsinff 

cos afcosrf 

-D 
f 

cf 

-L 
f 

B. Determination of Foil Angle of Attack and Sideslip Angle 

[14] 

The determination of af and (3f is given below for a specific 

foil segment. Corresponding relationships for any other foil 

segment or strut are obtained by substituting the appropriate sub

script. The angle of attack on, say the starboard, dihedral foil 

segment, asd' and the sideslip angle (3sd' are defined by Figure 3 -in terms of the components of the relative velocity vector V du s v 
resolved along the foil segment axes. These are obtained as 

follows. If xsd' ysd and zsd are the coordinates of the origin 

Osd of the foil axis system relative to the C.G. (taken as the 

point where the foil force is considered to act) then the three 

components of the velocity of Osd relative to the water resolved 

along the body axes are 

u = u + qzsd - rysd - ut - u" sd sd sd 

v 
sd 

v + rx 
sd pzsd vt 

sd 
v" 

sd 
[ 15] 

w 
sd w + pysd - qxsd - wt - w" 

sd sd 
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are the x~ Y~ z components in body 

axes of the orbital velocity due to 

waves at the point xsd~ ysd~ zsd 

(See Section IVL 

u 11 v 11 w 11 are the x. y. z components in body sd ~ sd ~ sd - -
axes of the wake effects resulting 

from side wash~ downwash~ separation 

etc. (applies* mainly to aft foils 

and struts). 

These velocity components are then expressed in terms of the foil 

axes by means of the inverse transformation of Equation [13]. 

l 0 0 

0 cos rsd sin rsd [ 16 J 

0 -sin rsd cos rsd 

* Methods of estimating these effects are described in Ref
erence 5. Studies on specific configurations (6), (7)~ (8) 
have shown that downwash effects had very little effect on 
the motions. 
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where usdf' vsdf' wsdf are the velocity components of Osd 
relative to the water resolved along the foil axes. The angle of 

attack is defined by 

wsdf = (a ) + tan- 1 

0 sd usd 

and the side slip angle by 

(3sd = sin-l 

[ l 7a] 

[l8a] 

where (a ) is the effective fixed incidence angle, if any, on 0 
sd 

the foil. At high craft speeds the angles of attack and sideslip 

are rarely greater than 10 degrees. Furthermore, except for 

relatively slow speeds the denominators in Equations [17] and 

[18] can be approximated quite well by u so that for these cases 

wsdf 
(a ) + 

o sd u 
[ l7b] 

[l8b] u 
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It might be noted that for a vertical strut) . say the rear 

* = ±90°. strut) we may take r Equation [16] then gives for rs 
rear strut 

u 
rsf 

u 
rs 

crs for r + 90 rs 
v = rsf 

for r 90 -w rs rs 

[-v for r +90 rs rs 
w 
rsf 

Lvrs for r -90 rs 

According to Equations [17] and [18] with a = 0) the sign of 
0 

the 

a and ~ depends on the sign selected for r. Since~ as implied rs rs 
earlier) the foil (or strut) axes for r = +90° is turned 180° 

** about the x-axis from that for r = -90° the sign for a given lift 

(Lrs) and cross force (c ) is opposite for the two cases. 
rs How-

ever) this does not affect the sign of the X ) Y ) Z components 
rs rs rs 

in the boat body axes) as determined from Equation [14]) since a 

change in sign of C and L is accompanied by a change in sign 
rs rs 

of a ) ~ and r rs rs rs 

* One advantage in choosing r = +90° is that the rudder rota
tion is positive in the sam~ssense as is the elevator rotation 
for a r = 0 foil. 

** As implied by Equation [14] the lift is defined in the ve
locity foil axis systems. Thus the lift on a horizontal 
foil is up and on a vertical foil (or strut) sideways. 
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C. Submergence of a Completely Submerged Foil Panel 

The foil submergence depends on the instantaneous position 

and attitude of the craft and the wave height at the point of 

interest. As an example we select the starboard foil panel desig

nated with the subscript sf shown in Figure 2. The instantaneous 

submergence of this panel is given by 

where 

z 
oc 

h 
c - ~sf [19] 

hsf is the submergence of the middle of the starboard 

foil in fixed axes below the instantaneous water 

surfaceJ 

dsf is the vertical distanceJ in fixed axesJ of the 

C.G. to the middle of the starboard foilJ 

z is the vertical displacement of the C.G.J 
oc 

h is the vertical distance of the C.G. from the un
c 

disturbed water surface under reference flight 

conditions) and 

~ is the wave elevation from the undisturbed water 
' 1sf 

surface directly above the middle of the starboard 

foilJ positive down ( see Section IV). 

It must be remembered that all positive distances are measured 

downward from the reference points . In Equation [19] the term 

z
0

c is obtained from the last of Equations [6] and the term dsf 

is obtain ed by the use of the body to earth transformation matrix 
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of Equation [ 4 J where the position vector of point sf (xsf~Ysf~ 2 sf) 
replaces (V ~ v ~ v ) and dsf replaces v Thus 

X y z zo 

dsf - X 
sf 

sin e + ysfcos e sin <!> + z sf cos e cos <!> [ 20a] 

In nearly all cases e is small so that 

[ 20b] 

The expression for the wave elevation ~sf is given in Section IV. 

In a similar manner~ the submergence of any other point may be 

determined. In the above example it is assumed that when hsf is 

negative the entire starboard foil panel is out of the water and 

the submerged area is zero; i.e.~ 

where 

(ssf)
0 

for hsf > o 
ssf [21] 

0 for hsf < 0 

Ssf is the wetted planform area at any instant~ 

(S f) is the wetted planform area in level equilibrium s 0 
flight. 
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Obviously more complicated relationships would be required if it 

were desired to specify the wetted area during partial submergence. 

Although this refinement is usually not needed when dealing with 

segments of completely submerged foils it is very important for 

the case of surface piercing segments such as struts and foils 

with dihedral or anhedral. This is discussed in the next section. 

D. Area of Surface Piercing Panel or Strut 

The foil wetted planform area is a variable only when the 

foils and struts pierce the free surface. Sin ce the spanwise dis

tribution of chord length is known it is only necessary to find 

the change in wetted length of the surface piercing foil, strut, 

or panel from its referen ce value. This computation is illustrated 

in the following example for the port panel wi th dihedral as shown 

in Figure Sa before and Sb after roll angle +¢, for the case of e, 
z , and wave height equal to zero. The wetted length of the port oc 
dihedral panel is imagined extended until it intersects the plane 

of symmetry of the boat. The reference wetted length of this ex

tended panel is 

(,e ) = 
r pd 

(z ) - h 
e pd c 

!sin rJ 

where (z ) is the distanc e between the boat CG and the point of 
e pd 

intersection of the extended dihedral panel with the xz plane. 

The final wetted length of the extended panel after a roll ang l e 

¢* is easily seen to be 

* It is assumed here that [rJ > [¢J. 
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sin (rpd+ <P) 
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{ 

+ for r pd > 0 

- for rpd < 0 

Therefore the change in wetted length due to roll angle only is 

(!::.£ d) 
p <P 

(z ) d cos <P-h e p c 

sin (rpd+ <P) 

[ 22a] 

For the starboard panelJ where r is negative) the same expression 

holds except that a minus sign precedes it; i.e.J 

(!::.£ d) 
s <P 

(z ) d cos <P-h e s c 
sin (rsd+<P) 

+ 
(ze)sd - he 

sin rsd 
for rsd < 0 [ 22b] 

The effects of 9J z and wave height are additive so that the oc 
total change in wetted length of the extended panel is given by 

( z ) COS ¢-h - X 9 + Z - T)pd e pd c pd oc 
sin (rpd + <P) 

( z ) - h e pd c 
for fpd)O 

sin rpd 

[ 23a] 
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(D.£sd) 
(z ) dcos<P-h -x d8+z -Tj d e s c s oc s 
------------~----~.-----~- + 

sin (rsd+ <P) 

[ 23b] 

where for vertical struts r = ±90°. In the above expressions Tj d 
p 

and Tlsd are the wave elevations at the point of intersection with 

the free surface of the pd and sd panels respectively. The use 

of the reference value of this point at level flight should be a 

sufficiently good approximation. If the actual length of the 

foil or strut segment below the free surface at reference flight 

conditions is (P,pd)b and the length above the reference water sur

face is (£ d) (see Figure Sa)J then the wetted area is given by 
P a 

where 

s 
+ J pd c ds [ 24] 

0 

for 

for 

for (6£ d) > (£ d) P P a 

c ds is the wetted planform area at 

referen c e flight c ond i tions J and 

c is the panel chord l eng th whi ch may be a f un c tion of 

spanwis e position spd" 
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Sin c e struts and anhedral surface piercing foils almost always 

intersect the boat hull the condition (6i ) > (t ) , for example, ps ps a 
implies hull wetting. The degree of hull wetting can be determined 

from the magnitude of (6i )-(t ) . ps ps a 

The above equations are used when [¢1 < [rl. When 1¢1 ~ lrl 
then it usua l ly may be assumed that the change in area is the same 

as when 1¢1 = lrl ; i.e. on e of the dihedral foil segments is 

either completely submerged or completely out of the water. When 

¢ ~ r the starboard dihedral foil segment would be thus affected 

while the a bove equations would still apply to the port dihedral 

segment. When ¢ ~ -r the reverse would apply. The condition for 

submergence for the affe c ted foil segment may be determined in 

the same manner as for a completely submerged foil (see Equa

tions [19-21] ). The position vector to the dihedral foil seg

ment in question may b e taken at its c enter of force at reference 

flight conditions as a first approximation. 

E. Center of Force and Submergence of Surface Piercing Panels 
and Struts 

Since different points on surface piercing panels and struts 

are at different depths the point of application of the water 

forces will vary with the degre e of submergen c e. Str i ctly speak

ing thi s also depends on the panel or strut section shape and 

on the flow interference effects at the foil and strut intersec

tion (3)(5). However, a ccording to these referen c es, detailed 



HYDRONAUTICS, Incorporated 

-21-

calculations on typical vertical struts indicate that a value of 

0.6 of the submergence of the lower end below the free surface 

is common. In the absence of experimental data this is probably 

a reasonably good approximation for most surface piercing panels 

also (5). Thus if for example (xps'' yps'' zps' )* represents 

the position vector, in body axes, of the bottom of the port strut 

then the position vector (xpd' ypd' zpd) at which the water force 

is applied to the pd panel is defined by (se e Figure 2 ) 

X ps 

for r pd> 0 

For the sd panel we have 

X 
ss 

sin 
[ 25a ] 

for rsd< 0 

* The prime is used here to differentiate from the unprimed 
quantity which gives the position vector of the center of 
force. 
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As noted earlier r = ±90° for vertical struts. In the above 

equations) due to symmetry) we have 

( X I y I z I ) ss J ss J ss Z I ) 
ps [ 25c] 

The factor 0.4 is based on the assumption that the center of 

panel force is lo cated at 0.6 of the verti cal projection of the 

panel wetted length below the free surface; e.g.J for the port 

dihedral panel 

[ 26a] 

and for the starboard dihedral panel 

[ 26b] 

Equation [ 26] may be used as an approximate expression for the 

effective depth of submergence of a surface piercing hydrofoil 

segment. The use of data and analysis is recommended for more 

precise estimates of this quantity (see Reference 5). 
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F. Hydrodynamic For ce Coefficients 

As noted earlier , the hydrodynamic force on a strut or foil 

segment is generally obtained in terms of the lift, drag and 

cross force coefficients. The effect of the last of these is 

usually small and has generally been assumed to be negligible in 

mathematical simulations carried out in the past. These coef

ficients are usually non-dimensionalized with respect to foil 

speed and area. Thus 

where 

L 

f 

lpu 2s 2 f f 

identifies the foil panel or strut; e.g., f 

orf=pd, etc., 

[ 27] 

sd 

. Uf2 is the square of the foil velocity relative to the 

wa t er. For the starboard dihedral panel for ex-

ample this would be 2 
+ vsd 

2 + w 2 as obtained usd sd 
from Equation [ 15 ] J 

sf is the foil panel or strut area determined at any 

instant from Equation [ 24] J 

Lf is the l ift force on foil panel or strut f, 

Df is the drag f orce on foil panel or strut f, 

cf is the cross force on foi l panel or strut f, and 

p is the mass density of water. 
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In most cases it will be satisfactory to approximate Uf by u, 

the x-component of the velocity of the craft e.G. However, in 

waves at low craft speeds the total relative velocity Uf should 

be used. The coefficients in Equation [27] are functions of 

angle of attack, . angle of side slip, submergence, velocity, and 

flap angle. 

Except for conditions when the rel ationships are linear it 

is not possible to derive analytical expressions for these coef

ficients (3), (5), (9). This is due to the difficulties in pre

dicting the occurrence and cessation of cavitation and ventilation, 

the non-linear variation with the individual variables, free sur

face effects, downwash, strut-foil interference, finite discon

tinuities, elastic effects, unsteady flow, etc. It is therefore 

felt that model test data in conjunction with available full-scale 

data and theory are the most appropriate means for describing the 

dependence of CL and CD on the othe~ variables at the present 

time. Hence the usual form Gf the d~ta from these sources will 

be discussed . 

l. Lift Coefficient - Although i t is recognized that many 

foil designs, each with different hydrodynamic characteristics, 

are possible for hydrofoi l craft, it will be assumed, for the 

sake of expediency, that the curves dis cussed here are more or 

less typical of a wide class of hydrofo i ls . Hydrofoils with dif

ferent chara c teristics would be handled in an analogous manner. 

The principle point to be emphasized is that it i s necessary to 
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use realistic representations of any non-linear phenomena that 

may exist. 

We use as an example a foil of conventional section whose 

mathematical simulation is discussed in Reference 3b. The flow 

and corresponding portions of the typ i cal lift coefficient curve 
* are shown in Figure 6. Three types of flow are depicted. Thi s 

is not an all-inclusive representation because the several con

ditions which are possible in the mixed or transition region are 

not shown in the sketches. The CL versus a characteristics is 

typical however. A detailed description of the conditions re

lating to the onset of cavitation and ventilation for various 

types of foils and struts is given in Reference 10. 

The location of point "A" of Figure 6 indicates the value 

of CL at zero angle of attack . From point "A" to point "B" the 

slope of the curve is usually constant and is the portion usually 
considered in a simplified linear analysis. At point "B" cavi 

tation bubbles begin to form and the slope of the curve begins 

to change. The shape of the curve from "B" to "C" is not well 

defined; it is here assumed to be a straight line extension of 

the line "AB." At "C" complete flow separation occurs at the top 

surface of the foil and the lift abruptly decreases. It is com

mon to refer to this event as the 11 lift break." From "D" to "E" 

and back to "F" the slope is essentially constant again and the 

foil is operating with the upper surface completely unwetted. 

* Parts of the following discussion are essentially that given 
in Reference 3h. 



HYDRONAUTICS~ Incorporated 

- 26-

Th e line "FG" indicates that re-wetting will occur as the 

angle of attack is decreased. However~ the exact location of 

this line is difficult to define. Also~ it should be recognized 

that the exact CL for any a between a 1 and a 2 is indeterminate. 

Th e area enclosed by BCDFGB is thus an area of uncertainty. A 

similar sequence of events occurs as the angle of attack decreases 

below zero and r eturns. 

In Figure 6~ the abrupt lift changes are indicated as oc

curring at four sloping lines . For convenience in the following 

discussion~ these lines will be identified as described below. 

Note that in the description the term "limit" is the limit of a 

trend and not an absolute boundary. 

where 

CL+IL = Limit value of CL for increasing values of 

positive CL or "CL positive~ increasing; 

limit" 

CL positive~ decreasing; limit 

CL negative~ decreasing; limit 

CL negative~ increasing; limit 

"increasing" refers to CL moving fr om bottom to top 

any plate alortg the ordinate~ and 

"decreasing'' refers to CL moving from top to bottom. 
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The positions of these four lines have been found to depend 

on angle of attack, a, craft velocity, U, and foil submergence, h. 

Further, the dependency can be expressed in the general case as: 

whi ch can be thought of as the slope-intercept equation of a 

straight line where the intercept with the ordinate occurs at 

fL(U) + KLh and the slope is Ka. The form of fL(U) will be 

shown later. 

[ 28 J 

Actuation of the trailing edge flaps, by the pilot or con

trol system, for craft motion control results in further modifi

cation of the CL - a representation. Figure 7a indicates how 

the lift curve shifts for positive (down) and negative (up) flap 

angles 5. The degree values on the curves are only meant to in

dicate relative changes. It is intended to show that for the 

lower values of 5, equal increments of 5 give equal increases 

(See Figure 7b). However, at some positive 5, flow will 

separate from the upper surface of the flap and the plot of CL 

versus 5 will take on a decreased slope. (Shown, for example, 

as occurring at 10 degrees in Figure 7b). A similar effect takes 

place for negative 5. There is also the possibility that very 

large flap deflections will cause the foil to unwet as CL ex

ceeds CL limit' The contributions of the control deflection, 5, 

to the value of CL are shown in Figure 7b in terms of an incre

ment, 6CL. As shown, it is assumed that no hysteresis is asso

ciated solely with unwetting due to 5. 
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In addition to its effect on the position of the CL-limit 

lines~ submergence also affects CLa~ the slope of the CL curve. 

This can be shown as in Figure 8 where the ordinate has been nor

malized by dividing by the value of CLa at infinite submergence. 

Note the difference between the effect for wetted flow ~nd the ef

fect for cavitated flow. Figure 9 is a similar curve for a strut 

or surface piercing foil but normalized to a finite reference 

depth h . The shape of this curve reflects the dominant effect r 
of changing aspect ratio with changing depth on the effective lift 

curve slope (5). 

The factors which contribute to CL have been discussed but 

it remains to summarize the effects in some sort of useful form. 

From the discussion and figures to this point~ it is possible to 

discern that: 

(l) One set of properties applies if the flow is fully 

wetted~ 

(2) A second set of properties applies if the flow is 

fully cavitated~ and 

(3) Whether the fully wetted or cavitated properties 

apply at any instant depends on a set of "con

trol11 equations which define the conditions when 

cavitation occurs and ceases. 

In effect~ CL must be continuously calculated for both the fully 

wetted and fully cavitated properties. The "control" equations 

then determine which CL is to be used as a part of the total 

system equations at each instant. 
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The fully wetted CL is calculated from: 

CLw = [ f (a) + f ( 5) ][ f (h) J w w w [ 29] 

Values of the functions will be taken from graphs such as depicted 

in Figures 8a or 9 and lOa. The depth correction factor f (h) 
w 

can be readily obtained with respect to any reference depth with 

the aid of data such as that in Figure 8a. 

The fully cavitated CL is calculated from a similar equation: 

[f (a) + f (5)][f (h)] c c c [ 30 J 

But the functions willJ of courseJ be different as shown in Fig-

ures 8b and lOb. In Figure 10 note that the slope of f (a) is w 
steeper than the slope off (a). c 

There are four 11 control" equations of similar form: 

CL+IL fLl(u) + KLlh + K a [31] a 

CL+DL fL2(u) + KL2h + K a [ 32 J a 

CL-DL fL3(u) + KL3h + K a [33] a 

CL-IL fL4(U) + KL4h + K a [ 34 J a 
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The functions of U are shown on Figure ll. In general) the 

functions with negative values will not be mirror images of the 
positive-valued functions. All K's are constant to be determined 
by test. The effect of increasing velocity is to narrow the 
wetted flow range of aJ which corresponds to the range between 
the positive and negative limitsJ and to narrow the width of the 
hysteresis loop as shown in Figure 12. Increasing the submergence 
increases the range of a between the limits. This is discussed 
further in Ref erenc e 10. 

As may be surmised from Figure 12 cavitation is unlikely to 
occur on foil panels at lower foil borne speeds unless the foil 
angle of attack is very large. However) ventilat ion) which has 
a s imilar effectJ can occur at these speeds when a foil is sur
face piercing or is very close to the free surface . When venti
lation occurs it is generally assumed to occur down to the first 
fully submerged fence only. Furthermore) if the foil panel is 
operating in the portion of the lift curve corresponding to FD of 
Figure 6 it seems reasonable to assumeJ as was done in a recent 
study ( 9 ) of a surface piercing h ydrofoi l boatJ that ventilation 
ceases when a fence goes through the water surface either coming 
in or going out. 

The operation of the control equations can be given in a 
series of steps stated as instructions: 
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1. Start the process by choosing a CL which is either 

CLw or CLc but Which is consistent with the initial conditions 

of the era ft. 

2 . Compare CL with CL+DL" 

a. If CL s CL+DL' go to step 3 . 

b . If CL > CL+DL' go to step 5. 

3. Compare CL with CL-IL 

a. If CL ?: CL-IL' select CL = CLw" 

b. If CL < CL-IL' go to step 4. 

4 . Compare CL with CL-DL 

a. If CL < CL-DL' select CL = CLc " 

b. If CL ?: CL-DL' go to step 6. 

5. Compare CL with CL+IL 

a. If CL > CL+IL' sel ect c = L CLc' 

b . If CL s CL+IL' go to step 6. 

* 6 . Check: was c = CLw at ( t-6t) L 

a. If "NO," go to step 7. 

b. If "YES, II select CL CLw' = 

* The expression (t-6t) refers to a point in time an instant 
prior to present time, t. On a digital computer the in
terval, 6t, would probably be specified; on an analog it 
is implicit in the mechanization of the problem through the 
use of r elays . 
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7. Check: ** Is submergence of fence at upper end of 

segment positive? 

a. If "NO) 
11 select CL = CLc. 

b. If "YES)" select CL = CLw. 

Note that step 6 is necessary to account for the fact that results 

at any instant depend on past events. That is to say) it con

strains the potential ambiguity associated with the hysteresis 

loop. It is important to realize that all of the preceding dis

cussion on "lift coefficient" applies separately to each foil and 

strut on a hydrofoil vehicle. Thus~ if a particular craft has 

four foils and three struts each of the previous equations must 

be repeated seven times with the correct functions operating for 

each individual foil and strut. 

2. Effect of Unsteadiness - Since the boat motions are in 

general unsteady the pressure distributions on the lifting sur

faces do not adjust themselves instantaneously to the steady state 
values corresponding to the actual operating conditions prevail

ing at each instant. In general there is a time lag. This is 

often expressed in terms of the indi cial admittance of the hydro
foil which is represented by a curve of lift versus time follow

ing a step change in angle of attack (s ee Reference 5). For 

hydrofoils of aspect ratio 6 the lift starts at above 60 percent 

** If there is no fence it is assumed that the submergence 
is not positive. 
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of the steady value and reaches 95 percent of this value in about 

4 chord lengths of travel. This unsteady effect diminishes with 

decreasing aspect ratio. For surface piercing foils one should 

ideally take into account the effec t of varying aspect ratio. How

ever, as a practical matter an average aspect ratio may be assumed. 

Furthermore, it has been considered satisfactory to approximate 

the indi cial admittance by a sum of a constant and exponentials 

in time, or even by a first order time lag (4)(5). Recent studies 

(9) of the effect of the delay in lift change on the motions in 

waves of a specific hydrofoil craft with aspect ratio 6 hydrofoils 

have shown them to be unimportant. In an earl ier study (ll) it 

was shown that although, in some cases, the major forces on the 

f oils of a subcavitating surface piercing V-foil boat were re

duced by as much as 40 percent in head seas, due to lag in lift 

build up, this did not have a large effect on the motions. How

ever it is possible that the effect would be significant with 

other configurations. 

In most cases the unsteady effect may adequately be repre

sented by a first order lag so that the lift coefficient variation 

is given by the following differential equation 

[35a] 
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6C is the incremental change in the actual lift 
L 

coefficient~ 

(CL)R is the incremental change in the lift coefficient 

computed as if there were no unsteady effect~ and 

~ is a time constant which depends principally on 

aspect ratio. (Methods for determining ~ are 

given in Reference 5). 

In transfer function form this equation becomes 

l 
~s+l 

[35b] 

where s is the Laplace transform variable. The equation for the 

lift coefficient is then the initial lift coefficient (CL)i plus 

the change in lift coefficient 

[35c] 

3. Effect of Added Mass - The added mass of the water 

associated with the foils and struts has the effect of increasing 

the effective mass and moment of inertia of these elements. Thus 

when a foil accelerates in quiet water a retarding force in phase 

with this acceleration is exerted by the water in the opposite 

direction. Furthermore~ this force is proportional to the rela

tive acceleration experienced by the foil~ so that the effect of 
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a ccelerations of the water resulting from the orbital particle 

motion associated with waves can produce both accelerating or 

retarding effects. In the absence of experimental data the fol

lowing method may be used for estimating this effect. The re

sultant force on a foil is assumed to act normal to the foil 

planform area and is equal to the product of the added mass of 

the foil and the component of ac c e l eration) at its center of 

forceJ which is normal to the planform area. ThusJ for the star

board strut we have 

where 

A 
ss 

A is the force due to added mass effects) ss 

(ml) is the added mas s of the ss panel (5)J and ss 

w is the component of relative acceleration ssf 
normal to the panel (see below). 

According to Equations [15] and [1 6 ] we ha v e 

w 
s sf -(v + r x 

s s 
v 
ss 

V• II) • r SlD ss ss 

+ (w + · - qx - w 1 
- w " ) cos r pyss ss ss ss ss 

[ 36] 

[37] 
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where 

v 1 and w 1 are given in the last section and ss ss 

v 11 and w 11 may be estimated by the methods given ss ss 
* in Reference 5 

Since the force A acts parallel to w which in turn is ss ssf' -positive in the direction of the unit vector kf in the foil axes, 

its body axis components are obtained with the aid of the matrix 

in Equation [13], i.e . , 

X = 0 Ass 

y ( ml ) s s sin r w 
ssf Ass ss [38] 

z - ( ml) cos r w 
ssf Ass ss ss 

Usually the added mass terms (ml )ss' (m.L )sf' etc and their 

moments add up to a rather modest fra ction of the total mass and 

inertia of the boat and their effect on the boat motions is not 

great. Recent studies of this effect, which were made on a sur

face piercing hydrofoil boat (9), indi cated that the added mass 

effect on the craft motions was small, producing only minor 

changes in the peak accelerations. 

* See footnote to Equation [ 15]. 
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4. Drag Coefficient - A general expression for . the drag 

coefficient for a hydrofoil with flaps is given in Reference 5. 

Although it is necessary to obtain the terms that make it up 

from experimental data the general characteristics of this ex

pression are common to most hydrofoils. The variation of drag 

coefficient with angle of attack and flap angle is basically 

parabolic as shown in Figure l3a and l3b. The dominant effect 

of cavitation or ventilation is to shift this basic curve in the 

manner shown in Figure l3a. The drop in the drag is associated 

with the unwetting of one surface. The effect of flap angleJ as 

shown in Figure l3bJ can be represented as the sum of the effect 

of a horizontal shift and the effect of a vertical shift of the 

position of the basic curve. The horizontal shift may be repre

sented by an increment 6a as shown in Figure l4a and the vertical 

shift by the increment 6CD as shown in Figure l4b. Although the 

effect of submergence on the variation in drag coefficient of 

fully submerged foils is usually not large over the permissible 

range of foil depths) this is not so for struts and surface 

piercing foils because of the significant effect of changing 

aspect ratio on the drag coefficient (see Reference 5). Generally) 

this effect can be taken into account with sufficient accuracy by 

multiplying the drag coefficient by a factor g(h)J determined ex

perimentally at a fixed a and 6 as a function of depth (see Fig

ure l4c). 

Two equations will summarize the functional relationships 

for the foil drag coefficient. One will apply for fully wetted 

flow and one for cavitated or vented flow. The control equations 
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already presented for foil lift coefficient will also control 

the selection of the foil drag coefficient equation which applies 

at any instant. For wetted flow 

[g (a-~a ) + ~CD ]g (h) w w w w [ 39] 

For cavitated or vented flow 

[g (a-~a ) + ~CD ]g (h) c c c c 
[ 40] 

where such functions as g (a-~a )~ ~a ~ ~CD ~ g (h) etc. are w w w w w 
obtained by fitting to curves such as Figures 13 and 14. It is 

emphasized that~ as with the discussion on lift coefficient~ the 

above presentation~ which was adapted from Ref erence· 3b is in 

some ways arbitrary and that other suitable formulations are pos

sible. However~ the guide line in any format is the importance 

of realism in the representation. 

5. Estimation of Hydrodynamic Coeffic ients - It is well 

known (5) that there exists a large body of theory and experi

mental data on both hydrofoils and aircraft lifting surfaces 

which have been used in the past for deriving methods of esti

mating the dependen c e of foil and flap lift~ drag and moment on 

angle of attack~ speed~ submergence etc. Although these methods 

are adequate when applied within the limits of the theory and the 

data on which they are based they are not reliable when extend ed 

beyond this range~ since they usually do not adequately describe 
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many important phenomena such as the occurrence and effects of 

partially and fu l ly cavitated and vented flowsJ the non-linear 

variations of lift with angle of attackJ the interference effects 

at foil to foil and foil to strut junctures) the effect of span

wise variation in depth of surface piercing foils and the effect 

of spanwise variation in side slip angle and angle of attack. 

It is recognized howeverJ that it will sometimes be necessary to 

estimate the hydrodynamic coefficients when there is no data on 

the specific foil of interest available. When this is th e case 

methods such as those given in Reference 5 and 10 can be used. 

G. Hydrodynami c Moment Coefficients 

The contributions of a foil segment or strut to the moment -on the boatJ QfJ is given by the following vector equation 

where 

- - -rf X Ff + Bf [ 41] 

-Qf (KfJ Mf J Nf). The components are given in boat 

body axesJ 

-rf (xfJYfJzf) is the position vector of the center 

of force of segment fJ relative to the 

boat C. G. J -Ff (XfJyfJZf) is the force vector on segment fJ with 

components in boat body axesJ 
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(kf, mf, ~f) represent vector components in foil axes 

of pure couple contributions about the 

center of force position of each segment. 

The segments should be selected to make 

these terms negligible if possible. 

Bf is generally negligible. However there may be cases where 

its effect may be considered significant. Contributions to kf 

might include roll damping due to roll angular velocity of a 

segment or foil about a roll axis through its own center of force, 

effects of sideslip ~f on compl etely submerged foils with sweep 

and small dihedral but of small enough span to be treate~ as a 

single segment. Contributions to mf might include moment about 

the aerodynamic center resulting from lift due to camber effects 

arising both from foil section design and pitch angular velocity 

about an axis through the aerodynamic center of the segment. Con

tributions to ~f might result from effects of sideslip ~f and yaw 

angular velocities on a segment. This last effect is generally 

much smaller than the others. Additional effects exist but they 

are of even lesser importance. A fuller description is given in 

Reference S.When it is desired to include such terms, in the ab

sence of specific data on the actual force, the analysis and data 
of Reference 5 may be used. 

~ 

The components of Qf in the boat body axes are according 
to Equation [41] 
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[ 42 J 

where ( (Kf) eJ (Mf) e' 

axes and are obtained 

-(Nf)e) are the components of Bf in boat body 

by operating on (kfJ mfJ ~f) with the matrix 

in Equation [13]. 

H. Aerodynamic Coefficients 

It is well known that aerodynamic drag is a significant de

sign factor. But it is probably not as generally appreciated 

that the other aerodynamic force components and moments can also 

play an important roll in the stab i lity and motions of a hydro

foil boat especially in the foilborne mode (5) . The complicated 

form of the hull and superstructure of most conventional boatsJ 

together with their proximity to the water surfaceJ make it dif

ficult to estimate these forces and moments without the aid of 

model data. Test data are normally obtained in a wind tunnel 

(12). The force and moment components are obtained in body axes 

over a range of dri f t angles from 0° to 180° for two or more 

flight conditionsJ such as trim angle and elevation near take

off speed and at cruise speed . A typical set of test data are 

shown in Figure 15 . . The aerodynamic force and moment components 

are generally given as follows 
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X 1 2 3 cxa 2P V · a a a a 

y 1 v 2 3 CYa a 2Pa a a 

z _1_ v 2 S cza a 2 Pa a a 
[ 4 3 ] 

K 1 v 2 ts CKa a 2Pa a a 

M ~P v 2 ts CMa a a a a 

N ~P v 2 ts CNa a a a a 

P is the mass density of air, a 

V is relative velocity of air, a 

S referen c e area used in non-dimensionalizing the a 
aerodynami c coeffi c ients, 

reference length used in non - dimens i onaliz i ng· 
the moment coeff i c ients, and 

CXa' CYa' et c . are aerodynami c coefficient s obta i ned 
from curves such as g i ven in ·Figure 15. 

I . Forces and Moments on Hul l 

For the case in which the hul l tou ches the water additional 
terms for each of the components are required to represent the 
hydrodynamic force and moment on the hull . . There is cons i der able 
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data from which the X, Z and M components can be obtained as a 

function of depth, trim and speed for various high speed hull 

configurations in quiet water (s ee References 13, 14 and 15 for 

examp l e). Such data have been used in the determinat i on of the 

smooth water drag and trim conditions at various speeds up to 

take-off (3)(16). Referen ce 3b gives a detailed description of 

a method for achieving a simulation of the lift, drag and pitch

i ng moment acting on a hull in smooth water in terms of a typical 

set of data. On l y a limited amount of data exists (17)(18) for 

all six components of for ce and moment as a function of depth, 

trim, roll, angle and sideslip angle of planing hulls. Further

more practically all of the available data is for steady state 

conditions and do not in c lude dynamic effects. Methods of esti

mating the static and dynamic components in the hullborne state 

is discussed in a recent report by C. C. Hsu (19) but these re

sults ha v e not been applied to hydrofoil boats. The effect of 

the hull impacting the crest of a wave, while the craft is foil 

borne in a sea state, is discussed in Reference 3d. According to 

this reference, a digital computer program is available which 

calculates hull impact forces for symmetrical impact. The short

coming of the method is that an impact which occurs in 0.5 sec 

onds in r eal time r equires a bout f ive minutes of computer time 

for calculation of forces and motions. Some tentative results 

have been obtained by imposing a typical impact force history 

computed from this program, on the s i mulated craft for which the 

motions were to be determined. Howeve·r, the results obtained by 
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such a procedure are considered questionable. A tentative con-

elusion from these studies, which appears to be confirmed by ex

perience with the PC(H)-1 in rough water, is that the hull of 

this hydrofoil craft can cut deeply into the crest of a wave and 

still remain foilborne. This capability is of course very much 

dependent on t h e hull design. 

The principle considerations in selecting a hull form are 

wave impact forces, take-off characteristics, hull borne per

formance and internal arrangement. Since the hydrofoil operates 

at high speed close to the water surface wave impacts forces are 

a primary concern. The magnitude of the impact forces depends on 

the bottom shape of the boat. A prime rule for selecting hull 

lines is that the resulting form should minimize the product of 

area and pressure. Some hulls with unusually high dead rise, 

designed to accomplish this, are the FRESH I and the LITTLE 

SQUIRT (42). Furthermore , since boats with a fixed foil system 

usually give extreme stability in the hull borne mode, they can 

have very slender hulls to minimize water resistance. 

J. For ces and Moments on Entire Boat 

Since the hydrodynamic forces, Lf and Df , as determined 

from Equation [27]* for each foil segment and strut, are obtained 

in velocity axes relative to the foil segment or strut axes, it 

is necessary to resol ve these into the body axes of the boat 

where they enter into the equations of motion. Th e necessary 

transformation is given by Equation [14] where af and ~f on each 

* It is usually permissible to assume Cf ~ 0. 
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foil element or strut is obtained with the aid of Equations [ 15]

[18]. To these are added the contributions of the added mass 

force components (Equat ions [38]). After this is done each force 

component is summed over all foil elements and struts . The re

sulting sums are the hydrodynamic contributions of the foil-strut 

system to the XJ Y and Z termsJ in the boat equations of motion 

[Equation 1]. The contribution of each foil element and strut 

to the hydrodynamic moment is similarly obtained by summing each 

component as determined from Equation [42]. If we add to these 

the contributions of the aerodynamic terms (Equation [ 43]) J those 

of the propellers ( see Equation [ 44 ]) and the hull we obtain the 

complete expressions for XJ YJ ZJ KJ MJ N in Equa tions [l] and 

[ 2 ]. Generally) for propellers with shaft incl ined to the body 

x-axis the thrust is resolved along the x and z axes and the mo

ment arm components are given by the position vector of the pro

peller center (xTJ yTJ zT). Th e moment about the hul l CG is then 

[ 44] 

where 

XTJ ZT are the x and z components of propeller thrust. 

Although transverse forces on the propeller due to angle of 

attackJ exist (5)J they are usually assumed to be small and 

have generally been ignored in past simulations except where 

data on complete propelled hydrofoil models have been used . 
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On the basis of the above~ we may write the following equa

tions for the aero and hydrodynamic forces and moments on the boat 

where 

X 

y 

¥(Xf + XAf) + ~XT + Xa + XH 

¥(Yf + YAf) + ya + YH 

z f(Zf + ZAf) + ~ZT + za + ZH 

K = 1(Kf + KAf) + Ka + KH 

M 

~ is summation over all foils and struts~ 
f 

~ is summation over all propellers~ 
p 

[ 45] 

Xf~ Yf~ etc. are contributions due to lift and drag~ 

XAf~ YAf~ etc. are contributions of added mass~ 

xT~ zT~ etc. are contributions of the propellers~ 

X a~ y 
a~ etc. are the aerodynamic terms~ and 

xH~ YH~ etc. are contributions of hydrodynamic forc e s 

on the hull. 
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IV. EQUATIONS FOR THE SEAWAY 

A. Regular Waves 

Although better approximations to gravity waves than the 

sinusoidal one exist it has not been considered necessary to use 

them in computations of seaway response of hydrofoil boats. The 

usual approximation for the elevation of a single wave of wave 

length A is given by ( 20 ) 

H w 
2 

cos 
2 7r 
A (x fr - c t) 

w 'Y w 
[ 46] 

where H is 
w 

the wave height (crest to trough)J A is wave lengthJ 
w 

c is wave celerity and x f, is 
w 'Y 

the distance of a g iven point f 

from a fixed referen c e measured in the direction of wave propa-

gat ion. At the position of a foil or strutJ with coordinat es 

xfJ yfJ zf relative to the CG of the boatJ the wave elevation 

is given by 

where 

x'Yf is the component of the position vector of the 

foil relative to the C.G. in the direction of 

wave propagationJ 
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x is the component of boat speed at the C.G . in the 
'Y 

direction of wave propagation with angle ~ to the w 
boat axis (see Figure 16), and 

E is a constant phase angle selected at random. w 

The velocity component x is given by the right hand side of 
'Y 

Equation [Sa] when we substitute - ~w for~· Thus, 

x'Y = u cos e cos ~w + v (sin Bsin ¢ cos ~w + cos ¢ sin ~w ) 

+ w(-sin ¢ sin ~ + sin e cos ¢ cos ~ ) w w [ 48 J 

Since v/u and w/u are usually much less than unity and cos e ~ 1 

the following approximation is usually valid 

X ~ U COS ~ 
'Y w 

[ 49] 

The distance x'Yf is given by the right hand side of Equation [48] 
when we substitute (xf, yf' zf) for (u, v, w). Fore and¢ small 

this yi~lds the following appro~imation 
~ • • M . 

[so J 

The heading angle relative to the wave propagation direction is 

'Y + ~0 

~ -f </! dt ~ 
~=0 

'Y + ~ 
0 -J rdt [51] 

~=0 
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where the appr oximation is valid for ¢ small. 

taken coincident with the x-axis at t i me zero. 

The x axis is 
0 

Simplifications 

in Equations [46 -51 ] result for the case that u is constant. 

Further simplification s occur for ~ = 0 and ~ constant. For 
w 

head waves ~w = 180° and following waves ~w = 0°. 

by 

wh ere 

The orb ital velocity components are g i v en in the wave ax es 

H 

( ;: ) - 27Thf/ Aw 
cos [ 27T (x 1 - cw t )] 

w 
u'Yf 2 

c e 
w A ')'f 

w 

27T - 27Thf/ Aw 
- c e 

T)ryf A w 
w 

H 

( ~: ) 
- 27rhf/ Aw 

[ 27f ( 1 - cw t )] 
w 

sin [ 52 ] w'Yf 2 
c e A X f w w y 

hf is the submergence of the c enter of for c e on th e 

foil segment or strut ( see Equation [ 1 9] )J 

u'Yf is the horizonta l ve l o city c omponent in di

re c tion x J and 
'Y 

w'Yf is the vertical componentJ positive down 

The orbital acce l eration c omponents are 
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H w 
2 

H w 
2 
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c 2 e 
w 

c 2 e w 

-21/hf/A 

sin [ 
211 (X I - C t )] 
A 'Yf w w 

w [2 
cos A: (x I -

'Yf 

[53] 

z coordinates we have for the orbital velocity* 
0 

u 
wof 

v 
wof 

sin [54] 

These are transformed to the boat body axes with the aid of 

Equation [3]. Since e is always small this reduces to 

* The acceleration components are resolved in the same manner. 
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cos '1/J sin 1/J -e u uf I wof 

e cos '1/J sin <P cos '1/J cos <P sin <P I [55] v = vf - sin '1/J cos <P + e sin '1/J sin <P wof 

e cos '1/J cos <P e cos <P sin '1/J <P I cos w wf + sin '1/J s i n <P - s in <P cos '1/J wof 

where (uf 1 J vf 1 J wf 1
) is the orbita l vel ocity vector in boat axes . 

When it may be assumed that e and <P are very smal l this equation 

can be further s i mplified to the following 

cos '1/J sin 7fJ 0 u uf 
I 

wof 

v ~ vf 
I 

wof [56 ] -sin '1/J cos '1/J 0 

w wf 
I 

wof 0 0 l 

B. The Short Crested S ea 

Obviously the representation of a seaway by individual 

sinusoidal waves is not realistic and if relied upon exclus i vely 

can give misleading resul ts . As noted in Reference 21 and 22 

the surface elevation ~ ( x J y J t ) at a point (x J y ) of the 
0 0 0 0 

ocean fo r a f u l ly a ri s en sea may be idea lized as a sta t ionary 

Gaussian process in three dimensions . Following Pierson (23) 

the surface e l evation may be represented by the following 

stochastic i ntegral 
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T)(X ,y ,t) 
0 0 

[x cos (~+ r) + y sin(~ + r)] 
0 0 0 0 

[57] 

m is the wave frequency, 

m2 27r = is the wave number (for deep water), 
g "A 

A2 (m,r) is the energy spectrum associated with wave 

surface amplitude, and 

is a random phase angle uniformly dis

tributed in the range ( 0,27r). 

Crudely speaking, the ocean surface is regarded as a super 

position of an infinite number of sinusoidal waves of all fre

quencies, travelling in all directions with random phase angles 

whose amplitude is modulated by the energy spectrum A2 (m,r). 
There exists a number of empirical energy spectra for fully 

developed seas that have been used in the past. According to 

Reference 21 and 22 the most widely used has been the Neumann 

spectrum which is given by 
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[58] 

where 

K 51.5 ft 2 /sec5, is an empirical constant, 

Uw wind speed. 

This spectrum has been used in most of the simulations of hydro

foil boat motions carried out in the past (3), (4), (9), (24) and 

(25). The energy of this spectrum has usually been assumed to 

be spread directionally over a range of ±90° to the wind direc-

tion; i. e., 

2 2( ) 2 A w cos ~ 
v 

0 

v < < v 
2 - ~ - 2 

otherwise 

[59] 

More recently a spectrum for a fully developed sea, proposed 

by Pierson and Moskowitz (26), was used as part of a computer 

program developed at New York University for hind cas ting the 

directional spectrum of the waves over the entire North Atlantic 

using sea level-wind field data, during the year (1959). Be

cause of the good agreement of this formulation with extensive 

measurements of spectra for fully developed seas obtained by 

Moskowitz, and because of the good theoretical basis for this 

spectrum it is believed to be the most realistic representation 

of a fully developed sea presently available. The form of this 

spec trum i s given by 
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[ 6o J 

where V is 
w 

the wind velocity 19.5 meters above the sea surface. 

The area under the spectrum given by Equation [60] is defined 

to be equal to twice the variance of the wave record. It should 

be noted that Equation [60] is dimensionally consistent while 

Equation [58] is not. The directional properties of this spectrum 

is obtained by spreading the energy ±90° to the wind direction ac

cording to 

; {l + [ 0.50 + 0.82 

0 

cos 2'Y 

for 7r < 'Y < 7r - 2 2 

otherwise [ 61] 

Equations [50] thru [60] are restricted to a seaway which 

has reached the fully developed state. This occurs only when 

the generating wind has blown over a sufficient fetch and time 

durationJ and the surface elevation fluctuations can be con

sidered a stationary ergodic random process. The effect of fetch 

and duration on the Neumann spectrum is discussed in References 21 

and 27. 
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In recent years it has also become possible to make use of 

the library of actual hind casted sea spectra in the North Atlantic~ 

mentioned in the previous paragraph. In order to simulate the ef

fect of realistic short crested seas on ship motions Wachnik and 

Zarnick (28) have recently availed themselves of these data. Ac 

cording to this reference ~ these spectra are given at each of 519 

grid points which represents a square area of the Atlanti c Ocean 

approximately 2 degrees of latitude per side. The cha nges in wave 

spectra are predicted at each point every three hours by consider

ing three fa c tors; propagation~ dissipation and growth. The 

propagation factor takes into account the propagation of energy 

in and out of the grid and automati cally a ccounts for fet ch and 

swellj the dissipation fa ctor takes into account the attenuation 

of the waves moving in opposite directions to the lo cal wind

generated waves resulting from gross turbulen ce effects; and the 

growth factor takes into account the growth of the wave components 

if they do not correspond to a fully developed sea. The spectral 

energy was computed in 15 frequency intervals and 12 direction 

intervals at each point of the grid~ every 6 hours~ for a period 

of one year (1959)~ in addition to 2 months of exceptionally 

stormy weather. It is· important to note that these spectra in

clude not only the effects of locally generated wind waves but 

also the effects of swell originating at great distances. 

Equation [57] may be expressed in terms of the boat motion 

and the foil or strut position as follows 
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[ 62 J 

Of course when numerical computations are made the integral in the 

above equation must be approximated by a finite Fourier sumJ such 

as: 

n m 

j=l i=l 

where 

CD • 2 
;o _J_ 
"'ij = g JX fd t + X f] - CD • t + E •• 

'Y ·; ' 'Y. J l J 
J:. l 

[ 64 J 

and i and j represent the number of 'Y values and frequencies 

used in the summation. Care must be taken in the choice of these 

intervals so that the wave height energy is distributed over many 

components to insure a statistically equivalent seaway (see Ref 

erence 22): · Experience shows (2 2 ) that ergodicity seems to be 

satisfied for spans of time longer than about 50 times the period 

of the dominant waves. 
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For the case of straight foil borne flight it is often 

satisfactory to make the simplifying assumption that the boat 

velocity is constant. In this case Equation [64] becomes 

where 

CD . 2 

~i j = -i- (xf cos ~w + yf sin ~ ) - (CD ) . . t -
w e lJ 

E •• 
lJ 

~ = ~ · + ~ (since ~ = ~t 0 = 0 in this case), 
w l 0 = 

CD .U 

[ 65 J 

(CDe ) ij = CDj ( l - -i- cos ~w ) is the frequency of en-

counter with waves of frequen c y CD . and heading 
J 

relative to the wind ~ i' and 

u constant boat speed. 

With the aid of Equation [52 ] , [ 54 ] and [ 63], the orbital 

velocity components, at a given foil or strut, are readily . seen 

to be, in fixed axes, the following 

u 
wof 

v 
wof 

n m [ 
= L L CDj exp -

j =l i =l 

1 

~ij [A2 (CDj~i ) 6CD6~] 2 [ 66 ] 
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-
The orbital velocity components in-the boat axes are obtained by 

substituting the above in Equations [55] or [56]. For the case 

of straight foil borne flight, where the simplifying approxima

tions resulting in Equation [56] are usually valid. The orbital 

velocity components in the boat axes and in the fixed axes are 

the same since~ = 0 (s ee Equation [65] ). 

C. Irregular Long Crested Waves 

In most of the studies on the motions of hydrofoil craft in 

waves which have been carried out in the past it has been assumed 

that the seaway was unidirectional with a wave length distribution 

given by the Neumann spectrum. This has the obvious ad vantage of 

considerably simplifying the computations. Thi s is especially 

true when simulating on an analogue computer the wave height and 

orbital velocity spectra by means of electrical filters and time 

delay networks. A discussion of this technique is given in Ref

erence 3c. However, although considerable realism can be obtained 

by this method, important effects, such as rolling in following 

seas, etc . cannot be determined with this simplified model and 

care and judgement must be exercised in the interpretation of the 

results obtained. It i s therefore felt that when making studies 

of boat behavior in a seaway, the simulation of the short crested 

sea should be used whenever feasible. 
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V. CONTROL CONSIDERATIONS* 

A. Introduction 

For the purpose of this report it will be assumed that all 

hydrofoil craft of interest will be required to operate within 

prescribed limits of dynami c motions while in rough seas. An 

example of such a set of requirements for a fully submerged foil 

system with a canard configuration is given below (25). 

Longitudinal Control System Capabilities: 

l. Negotiate State 5 seas at all head i ngs. 

2. Minimize hull hitting and broaching in the State 5 

sea condition. 

3. Maintain vertical acceleration at less than .3 g 

rms using a 9 foot forward strut and .2 g rms using 

an ll foot strut when subjected to a State 5 sea. 

4. Take-off and land at a relative heading of 90 to 

180 degrees in seas state 5 conditions. 

Lateral Control System Capabilities: 

l. Negotiate and stabilize the craft at all headings 

in a State 5 sea. 

2. Control roll angle within l degree at all headings. 

3. Maintain lateral acceleration within 0.2 g at 

all headings. 

4. Make coordinated turns in all sea states up to 

s tat e 5. 

* Some parts of this section are taken from Referen ce 3b. 
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It is generally agreed that completely submerged foil sys

tems have poor depth and roll angle stability at the usual sub

mergences and that some type of automatic dynamic control system 

is required to achieve the desired performance. Some investi

gators have found that an automatic control system is necessary 

even for some area stabilized craft which are inherently stable 

and capable of operation in a moderate seaway. As an example, 

the DENISON (29) employed an automatic control system in order 

to reduce the pitch down tendency of the craft in the following 

seas and the vertical accelerations in head seas. On the other 

hand, a hydrofoil boat, recently built for the Royal Canadian 

Navy, the FHE 400, has been designed to operate in sea states 

up to and including 5 without the aid of sensors, moving parts, 

or an auto pilot. According to Reference 30 a 3-ton 1/4 scale 

manned model can take off and operate successfully at all head

ings in waves exceeding appreciably a model State 5 sea . 

The three ways usually* considered for obtaining the de-

sired response characteristics with controls are: (1) rotating 

entire foils to give varying angles of attack (incidence control); 

(2) rotating hinged trailing edge sections of foils (flap con

trol)j and (3) rotating an outboard foil section (t ip control ) . 

For steering control, the struts may be considered as vertical 

* These are the conventional controls. However there are a 
large variety of other types of control that can be used. 
Many of these are described in References 40 and 41. 
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foils so that steering can be achieved by rotating a strutJ by 

rotating a hinged trailing edge flapJ or by rotating an extension 

of a strut below a foil as is now being done in some cases. In 

the latter case the rudder is called a 11 Spade 11 or 11 ventral" rudder . 

. When an auto pilot is used the actuation of any of these 

movable surfaces is commonly accomplished by hydraulic actuators. 

The actuators areJ in turnJ controlled by an electro-hydraulic 

servo-valve. Electrical signals to activate the servo-valve come 

from the electronics portion of the automatic control system (ACS). 

This series of componentsJ plus the pilotJ motion sensorsJ and 

position feedback transducer are shown in Figure 17 , 

Control signals originate at the pilot's controlsJ at the 

motion sensorsJ and at the position transducer . These are com

bined and processed in the electronics to produce the signal for 

the servo -valve~ The pilot will be able to move the helmJ a 

leverJ or a knob to introduce steeringJ altitude and attitude 

commands; the motion sensors sense errors between the commanded 

and actual craft motions and produce electrical signals propor

tional to these errors; the position transducer provides the 

feedback signal so that the control surface stops moving when it 

has reached the position corresponding to the processed error 

signals. The composite system indicated by the block diagram of 

Figure l 7 is a typical 11 control loopJ 11 11 control channelJ '' or 

group of 11 control signal paths. 11 
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B. Component Dynamics 

The manner in which the effect of the control surface de
flections entered the equations of motion through the force 

coefficients was discussed under the sections entitled "Lift 
Coefficient and Drag Coefficient." It is now necessary to con 

si~er how the control system components affect the equations of 
motion through the contro l surface deflections. In general~ a 
signal originating at the pilot or at the motion sensors will be 
modif~ed by the individual dynamics of the components in the 
signal path before the control surface motion actually occurs. 
Inputs by the pilot are considered to be prime signals with no 
modification to account for the dynamics of the pilot. Motion 
sensors to be discussed are vertical gyros~ rate gyros~ acceler
ometers and height sensors. 

Vertical Gyro - A vertical gyro of the type of interest 
here will produce one signal directly proportional to the pitch 
angle of the craft and one signal directly proportional to the 
roll angle of the craft. The instrument introduces no primary 
dynamic effects. Secondary effects associated with the erection 
cycle may have to be considered. 

Rate Gyros - A rate gyro will sense an angular rate about 
one of the three body axes. (Three-gyro "rate packages" are 

available if required for a particular application). The dy

namics of the gyro are such as to produce an output signal which 
is related to the actual angular rate by a second order dif
ferential equation. Using the roll rate~ p~ as an example~ the 
equation is: 
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1 

( 

2"-' 
d p + 

dt2 

or, in transfer function form for all rotational rates: 

where 
'V 'V 'V 

p, q, r 

p, q, r 

p 
p 

'V 

r 
q r 

(J) 2 
N 

Outputs of rate gyros (rad/sec), 

Craft rotational rates (rad/sec), 

Natural frequency of a particular gyro 

(rad/sec), 

~ Damping ratio of a particular gyro 

(dimensionless), and 

s = Differentiation operator (or Laplace 

transform variable)(l/sec). 

[ 68] 

Equipment catalogs list natural frequencies and damping ratios 

available for these instruments. In the dynamic analysis or 

simulation of a particular craft, the values used will be those 

corresponding to the sensor to be installed in the craft. Com -

mon values are: 
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10 cps 2n- ( l0) Rad/Sec 

and 

Accelerometers - Outputs of accelerometers are also assumed 

to relate to the craft motions by second order differential equa 

tions. In general form, the equat i on is: 

(d28'1 'V 

l da. 
2~CDN 

l 2~ ) [ 69] -- + - - + CDN a 1 a . 
2 2 dt l 

CDN dt 

or 

'V 2 a . CDN l 
[ 70] a. s2 2scoNs 

2 l + + CDN 

where i wi l l become a symbol corresponding to t h e location of a 

particular accelerometer. Common va l ues for the natura l fre 

quency and damping a re: 

ruN = 20 cps 2n- ( 20 ) Rad/Sec 

and 

~ 
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To identify the accelerations sensed by the instruments) it 

will be assumed that there is one accelerometer at the e.g. mounted 

such as to measure lateral acceleration) and one accelerometer 

above each foil mounted in the x-y plane so as to measure accelera

tions parallel to the z-axis. 

The lateral acceleration at the e.g. is: 

y + mg cos e sin <P 

m 
[ 71] 

Taking angular accelerations into accountJ the accelerations in 

the z-direction at points above a rearJ portJ and starboard strut 

are: 

Height Sensors -

z + mg cos e cos <P 

m 

To dateJ height sensors have not been 

[ 72] 

[ 73] 

standardized as the other instruments have. Ultrasonic and sonar 

types are either in use or expected to be used. Semi-submerged 

' 
resistance wire and multiple pitot pressure types have also been 

I 

proposed. It can sometimes be assumed that the dynamic char-

acteristics of the sensor will be such as to give a direct 
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indication of the instantaneous height of the sensor above the 

water. This assumption has been shown to be reasonable for the 

ultra-sonic sensor on HIGH POINT and FRESH-1. 

Control Electronics - The control electronics comprise a 

complex subsystem of the complete automatic control system. This 

subsystem amplifies, combines and modifies the signals it re

ceives and directs the resultant electrical commands to the elec

tro-hydraulic servo valves. 

Dynamic performance of a hydrofoil craft with autopilot is 

strongly dependent upon the control electronics; consequently, 

a single mathematical descr i ption of this subsystem, applicable 

to all hydrofoils, would be highly desirable. It happens , how

ever, that the manner in which the incoming signals are processed 

by the circuitry will be unique for each design of hydrofoil 

craft; this makes a uniform representation impossible. It is 

possible, however, to subdivide the functions and identify the 

basic types of operations which the electronics normally perform, 

and it is possible to write equations which describe these op

erations. 

Three functions of the electronics are: (l) summation, 

(2) amplification, and (3) signal modification. Signal modifica

tions are necessary in order to give the overall craft the de

sired dynamic characteristics. The modifications are often called 

"signal shaping" and their specifications are based on a dynamics 

analysis of the craft . It is possible for a single component 
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(amplifier) to simultaneously perform the addition and amplifi

cation functions, but for practical reasons, related to imple

menting the signal modifications, two amplifiers in series are 

commonly used. In this arrangement the first amplifier in the 

control path is cal led the "mixer amplifier"; it performs addi 

tions, some amplification, and allows the modification of signals. 

Th e second amplifier is called the "driver amplifier"; it adds 

the position feedback signal and completes the necessary ampli

fication. It is this second amplifier which "drives" the servo 

valve. 

For purposes of presentation of equations, the mixer ampli

fier, the driver amplifier and the modification circuitry will be 

treated as separate entities. (During the dynamics analysis and 

design leading to a complete hydrofoil craft, it is essential 

that the three be treated as closely integrated and strongly 

interdependent components .) 

The exact mathematical representations for the mixer and 

driver will vary with particular designs; for preliminary design 

purposes it will be assumed that the characteristics of each of 

them can be represented by a first order differential equation 

in this way: 

[ 75 J 
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e the signal out of the amplifier, 
0 

2:e. the sum of all input signals, and 
l 

T characterist i c time constant of the particular 

amplif i er. 

In Laplace variable and transfer function notation, this is: 

e 
0 

2:e. 
l 

1/T 
l 

s + 

The signal modifica t ion circuitry probably constitutes the 

most widely variable segment of the equation development. Ea ch 

signal is subject to an essentially limitless number of modi

fications in ad dition to the oper ations of amplification and ad

dition previously mentioned. Although the number of possible 

modifications is limitless, the modification of a parti cular 

signal can usual l y be represented by this general equation: 

de d2 e dme 
e + al 

0 0 0 
b e. a -- + a2 + .. . a 

0 0 dt 2 m dtm 0 l dt 

de . d2 e. dne. 
+ b l 

l + b2 
l 

b 
l 

[ 77] -- -- + ... dt dt n dtn 
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where 

81 and e are circuit input and output signalsJ 
0 

respectivelyJ 

a's and b's are constantJ and 

m > n . 

In transfer function form this becomes 

e 
0 

e. 
l 

which is fa ctorable to 

( S + Z1 ) ( S + Z2 ) 

( s + P1 ) ( s + P2 ) 

m 
a s 

m 

[ 79] 

where any two z's and any two p's may be complex conjugates and 

any z or p may be zero. The net e ffe ct of circuits of this type 

is to shape a signal's dynamic characteristic in the frequency 

domain. A signalJ so modifiedJ can experience an amplification 

at certain selected frequencies and attenuation at others. This 

process is sometimes termed "compensation." The initial selec

tion of the form of these transfer functions is generally deter

mined from a preliminary control study based on the linearized 

equations of motion of the boat (1). 

The servo portion of the control loop (Figure 17) remains 

to be considered. 



HYDRONAUTICS~ Incorporated 

- 70 -

Servomechanism - The electro-hydraulic servo valve~ hy

draulic actuator~ position transducer~ and summing function of 

the driver amplifier combine to form a servomechanism~ or more 

usually simply a "servo." The dynamic characteristic of these 

parts~ taken as a unit~ can usually be acceptably represented by 

a first order differential equation~ thus: 

where 

d5 l 
dt + 'r 5 

5 control surface deflection~ 

50 commanded deflection~ and 

'r characteristic time constant. 

As a transfer function, this is written: 

1/'r 
l 

s + 

The contro l equations for a representative control loop 

[ 80] 

[81] 

and the manner in which they combine are summarized in Figure 18~ 

where it has been assumed that the transfer functions of the 

height sensor and vertical gyro are unity. 
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C. Preliminary Control Study 

Assumptions - It has been customary to first carry out a 

preliminary design of the control system by means of linear con

trol system synthesis procedures and then to use the results of 

this study in the computer simulation of the complete non-linear 

problem. In order to carry the f i rst part of this pro c ess out 

the following assumptions are u sually made: 

l. Th e equations of motion of the boat are l inear so 

that the longitudinal and lat era l equations are un coupled (see 

Reference 1). This allows one to carry out a preliminary design 

of the longitudinal control system independently of the lateral 

system. However, since the stability will depend on the cra f t 

trim, depth and speed it will be necessary to investigate the 

longitudinal and latera l stability and control over a range of 

operating conditions . Thi s may include some extreme conditions 

of strut immersion if the craft is to operate in a heavy sea (4). 

2 . Unsteady hydrodynamic effects are negligible. This 

is not a necessary assumption and was not made in Reference 4. 

Nevertheless, it is generally a permissible one to make. How

ever, this effect should be included in the respons e to seaway 

determinations. 

3. The craft is infinitely stiff ; i.e., the structural 

natura l frequencies are high in comparison with the operating 

frequencies of the control surface. This effect should be ex

amined in more detail in later stages of the analysis, especially 

if any of the primary structural natural frequencies are not 

considerably larger than the maximum wave encounter fr equen cies. 
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Comparisons made in Reference 4, for example, of the calm 

water behavior of a completely submerged hydrofoil configuration 

obtained on the basis of the linearization assumption, with that 

obtained from a complete computer simulation, in which the non

linearities were included, showed no radical discrepancies. It 

is therefore feasible, as wi th aircraft, to obtain a good pre

liminary design of the control system by means of existing linear 

procedures such as the root locus method, Nichols charts, method 

of non-interacting controls, etc. Once this is done, the task 

of optimizing the design by means of a computer s i mulation, which 

includes the non-linearities of the system, such as effects of 

cavitation and venti l ation, wetted area changes 3 control rate and 

angle limiting, etc. are considerably simplified. 

Inputs - The control system in general has to be designed 

to perform well with respect to three principle types of inputs -

no inputs, disturbance inputs and command inputs. No inputs 

leads to a stability problem. Disturbance inputs, such as those 

due to waves, leads to a stabilization problem; i . e.) the ability 

of the craft to maintain the desired flight in spite of external 

forces and moments applied to it. Command inputs lead to a 

maneuvering problem. These are discussed further below . 

Stability - Although completely submerged fully wetted foil 

systems are usually stable due to the increase of foil lift with 

depth of submergence this effect is too small to prevent exces

sive transient motions without some type of height and pitch 

feedback to flap and elevator. Transverse motions are unstable 
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due to roll-sway coupling. Thi s i s discussed in Reference 31. 

The coupling of sway and roll into yaw is usually relatively small 

compared with the coupling be tween sway and roll. A positive sway, 

for example, creates a positive rol l due to the positive ro l l mo

ment,K 1 V 1
, generated by the struts. This in turn produces an in-

v 
creas e in the positive sway motion . Th e resultant instability is 

evidenced by the negative valu e of the last constant E in the char 

acteristic quartic equation for inherent lat eral stability. This 

is given by the following equation from Referen ce 31: 

E [ 82 ] 

where 

-K 1 [Y 1 N 1 + N 1 (m 1 -Y ')] ~ 0 
¢ v r v r 

N I [ K I (m I -Y I ) + Y I K I] ~ 0 
¢ v r v r 

for completely submerged foils. Since N 1 in El and Y 1 in E2 
r v 

are large and negative it is seen that the principle cause of 

the instability is the large positive value of K 1 and the 
v 

small negative value of K¢ 1
• Although Kv 1 can be reduced by 

dihedral and sweep on the hydrofoils it is extremely unlikely 

that stability could be a chieved by this means for a completely 

submerged foil system. It appears that roll angle feedback to 
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the ailerons would be required to compensate) for the small K¢ 1 

and help make the craft stable.* However if a substantia l re

duction in K 1 is possible it can be of benefit in relieving the v 
demands on the ailerons by delaying the onset of saturation ef-

fe cts with the consequen t deterioration in stability and control. 

Conceivably the control effectiveness and hence turning performance 

may be improved i n two ways; first due to a reduction of the ai

leron angle required to maintain a given equilibrium turn and 

second a reduction in the amount of aileron angle needed to main 

tain stability. The degree of improvement of course must be de

termined by detailed analysis. It should be emphasized howeverJ 

that it is as important to optimize the boat design for good 

dynamic performance in a seaway as well as the contro l system. 

Stabilization - The principal stabilization problem is to 

keep the vertical accelerations to a minimum and to prevent hull 

hitting and foil broaching. If the expected heights of all waves 

encountered are less than the strut leng th then an optimum con

trol system would be one that minimizes the vertical motion of 

the craftJ as shown in Figure l9a. HoweverJ in a State 5 seaJ 

for exampleJ where l out of 10 waves is about 13 f ee t high and 

occasionally a wave will reach 17 feet some wave contouring is 

required to preven t hull hitting and broaching with boats having 

struts of say 10 feet in length. Furthermore) the contouring 

* According to Reference 4 there are conditions where a yaw 
rate-rudder loop is also required to mainta in stability. 
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should be in phase with the wave motion as much as possible. 

This is graphically illustrated by Figure 19b. Another factor 

to consider is the relative frequency of encounter. For a given 

amount of contouring (or per cent contouring)J the shorter wave

lengths (higher frequen cy of encounter) give higher accelerations. 

The relationship between wavelengthJ wave heightJ per cent con

touring and the resultant g loads at the foil is shown graphically 

in Figure 20 for 400 and 200 ft. wavelengths in a head sea. These 

are typical lengths of high waves for a State 5 sea (21). Assum~ 

ing that foil motion is in phase with wave motionJ the short dotted 

line indicates the percent contouring (also minimum possible g 

loads) required to negotiate a given wave height allowing for 8 

or 10 ft. of foil depth change. If it is assumed that a minimum 

allowable foil depth of 1 ft. is required to main ta in l ift J these 

dotted lines would correspond to th e amount of foil contouring 

ne cessary to avo id hull hitting or sudden loss of lift (broaching) 

with 9 or 11 ft. strutsJ respectively. Thus we seeJ for exampleJ 

that a 17ft. by 400ft. wave can theoretically be negotiated 

without exceeding 0.5 g using a 9 ft. strutJ a 14.5 ft . by 400 ft. 

wav e can be theoretically negotiated without exceeding . 25 g on 

11 ft. strutJ etc. HoweverJ to achieve perfect contouring of 

these long wavesJ requires considerable wave height anticipation. 

For the linear caseJ since the force amplitude is 180° out of 

phase with the displacementJ the control for ce would have to be 

applied one half wavelength in advance. Although existing sen

sorsJ which measure boat height from the instantaneous free water 

surface ) cannot achieve this) definite improvement appears to be 
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possible with a lead network i mmed i ately following the height 

sensor mounted as far forward as possible (4). Sin c e it is not 

necessaryJ nor indeed desirable to contour the short high fre

quency waves the height sensor signal is put through a first order 

lag filter. Integral height error is also used to insure steady 

state accuracy. In addition a rapid response ac celeration loop 

can provide means for attenuating incipient heave accelerationsJ 

due to orbital motionsJ by appropriate flap deflections . 

Maneuverability - Th e maneuvering performance requirements 

in the vertical plane are secondary to stabilization requirements . 

The only requirement on the response to commands is due to the 

limited maneuvering space above the water surface. This requires 

that there be no overshootJ in the response to height or pitch 

angle command, which could lead to foil broaching or hul l slam

ming. In transverse motions the maneuvering requirements are 

more specific. Th e boat must be able to make both flat and 

coordina ted turns. A flat turn is performed with zero roll angle 

and is required i n the roughest sea condit ions to prevent broach

ing or slamming. Coordinated turns are performed primari l y in 

mild sea conditions where the roll angle increases with heading 

rate to provide comfortable riding conditions. A more detailed 

discussion is given in Reference 31. 

Methods of Analysis - The linearized preliminary design 

of the control system has been carried out in the past by the 

various classical methods described in the literature (32-36). 
The method using Nichols charts was employed in the study de

scribed in References 4 and 7 on the control system design for 
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fully submerged foil systems. The root locus approach was used in 

the control studies described in References 25, 37 and 38. The 

method of non-interacting controls was used in References 24 and 

39. Since this last one is not as well known as the others, a 

brief description i s given here. The procedure i s an application 

to hydrofoil boats, of the technique of matrix diagonalization for 

simplifying multi-coupled systems (3 6 ) for the purpose of obtain

ing a non-interacting system. In a non-interacting system there 

is a deliberate division of the feedbacks to the control surface 

in such a fashion that the variables of the problem are made inde

pendentj i.e ., the motions are decoupled. Thus each var i able has 

its own separate response equation which can be adjusted inde

pendently of the other problem variables. It is hoped that by 

this method adverse coupl ing effects can be minimized. This is 

especially desirable due to the limited maneuvering space avail

able in the vertical plane. Although much research has been done 

in the area of modern optimal control theory, it does not appear 

that these results have yet found application in hydrofoil auto

pilot design. A good review of this subject is given in Ref

erence 35. 
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TABLE l 

Designation of Segment Forces and Moment Arms 

Symbol for Force Symbol for Components 
Segment Name Components in Body of Moment Arms to CG 

Axes 

Starboard Foil X sf ysf z 
sf xsf Ysf z 

sf 

Port Foil xpf ypf zpf xpf ypf z 
pf 

Starboard Dihedral xsd Ysd 2
sd xsd Ysd 2

sd 

Port Dihedral xpd ypd zpd xpd ypd zpd 

Starboard Strut X y z X Yss z ss ss ss ss ss 

Port Strut X y z X Yps z ps ps ps ps ps 

Starboard Anhedral X y z X Ysa z sa sa sa sa sa 

Port Anhedral X y z X Ypa z pa pa pa pa pa 
-. Rear Foil xrf yrf 2

rf xrf yrf z 
rf 

Rear Strut X y z X yrs z rs rs rs rs rs 
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FIGURE 19- RELATIONSHIP BETWEEN CONTOURING AND WAVE LENGTH (REF. 25) 
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